In this section we explicitly derive the nonreciprocal scattering parameters for a waveguide resonator system with multiple spatiotemporally modulated couplers. The system under consideration, shown in fig. S1 , consists of two ports connected by a waveguide with input and output fields described by a m and b m (where m is the port number) and a resonant mode with angular frequency ω 0 and amplitude α.
The mathematical derivations in this paper are an extension of temporal coupledmode theory [33] modified to incorporate time-varying couplers. We begin with the differential equation describing the resonant field α of a standing-wave resonator in the time-domain with inputs a 1 and a 2 that are time-harmonic with frequency ω
This equation can be modified for a traveling wave resonator (such as an optical whispering-gallery mode resonator) by splitting α into two orthogonal modes which are each only coupled to a single porṫ
We can express the output fields b 2 , b 1 as
where the subscript of α is used only for the traveling wave resonator case. In these equations ω 0 is the resonance frequency, γ is the decay rate of the mode, and C m is the effective coupling between port m and the resonant mode. We assume the waveguide is matched to the ports and is lossless with a propagation constant k. The couplers are spatially separated in the waveguide by a length , which leads to the term e −ik (N −1) section S1 Steady-state transmission coefficients
The input and output at port m is described by a m and b m respectively and the resonant field is described by α. The ports are coupled directly via a waveguide and are also coupled to a resonant modes using a system of N spatiotemporally modulated coupling sites with coupling rate c n . The individual sites are spatially distributed over the waveguide with sub-wavelength spacing in order to generate sensitivity to wave propagation direction.
to account for the phase associated with a wave traveling between ports. At steady state the solution to Eq. (S1) (a standing wave resonator) is
We can then rewrite Eq. (S3) as
In the system under consideration, shown in ig. S1, the effective coupling rates C 1 and C 2 can be written as
c n e −ik (n−1)
where we modulate the coupling rate of each individual coupler c n with the function c n = c 0 + δ c cos Ωt − q (n − 1) . Under this modulation the effective coupling rates C 1 and C 2 can be expressed as ) fig. S1. Schematic of a waveguide-resonator system with one resonance and two ports.
For simplicity we assume a resonant mode with only one input (a 1 = 0, a 2 = 0), which could be a standing wave or traveling wave resonator. The steady-state field in the resonator is thus
The time-varying terms (C ± 1 ) represent sidebands of the resonance created by the modulated coupling, which allow waves with a frequency offset Ω from the resonance frequency to couple into the resonance. We can now find the steady-state fields b 2 and b 1 (also with a 2 = 0) as
From the output field b 2 the transmission coefficient S 21 = b 2 /a 1 and reflection coefficient S 11 = b 1 /a 1 can be found (with a 2 = 0). The reverse transmission coefficient S 12 can be found as S 12 = b 1 /a 2 (with a 1 = 0). Since each term C ± 1,2 carries a ±Ω frequency shift, we can understand the system as taking one input and splitting it into five frequencies separated by the modulation frequency Ω. Presently, we wish to only consider the solution where output terms are the same frequency ω as the input. These are the terms that are measured on a typical network analyzer, while terms that are frequency offset can effectively be dismissed as noise produced by the system. We then obtain an equation for S 21 without any frequency shifted terms
The decay rate γ defines the resulting modal linewidth and is present in the denominator of all the S-parameter equations for our nonreciprocal time-varying coupler. For a lossless resonator γ is defined as [33]
which can be extended to lossy resonators through the addition of the intrinsic decay rate κ i . We note that for a traveling wave resonance only the C m term coupling the resonant field to the output field b m in Eq. (S3) is used. Our system has time-varying C m , so is it necessary to slightly modify this definition to
where represents the time-average. This approximation is valid because γ Ω (resolved sideband regime) and the field in the resonator decays slowly compared to the modulation. The expression for γ can then be simplified to
3 Circulator
Using two waveguides and a single resonator, it is also possible to realize a four-port circulator through synthetic phonon enabled coupling. We introduce additional coupling constants C 3 and C 4 between the resonator and the ports of the second waveguide (ports 3 and 4) as illustrated in fig. S2a . For this device, the transmission coefficients between ports 1 and 2 (3 and 4) are the same as in the single waveguide case, and transmission through the resonator takes the form
since there is no direct path connecting the ports. As in the main manuscript, we consider a device that functions at the anti-Stokes sideband frequency ( fig. S2b,c) . If the resonator is critically coupled to the backward direction of each waveguide such that C + 1 C − 2 = C + 3 C − 4 = γ and C − 1 C + 2 = C − 3 C + 4 = 0, the scattering matrix takes the form which is the definition of an ideal four-port circulator. Note that due to the additional coupling terms between the resonator and second waveguide, decay of the resonant mode increases proportionally as 2γ = k 1 k * 1 + k 2 k * 2 + k 3 k * 3 + k 4 k * 4 + κ i (S18) section S . section S .
